Duality is applied to perturbation theory by deriving, given a series solution in a small parameter, the dual one expressed as a series having as a development parameter the inverse of the same parameter considered as large. Clues for a dual simmetry in perturbation theory are given. The method is applied in quantum mechanics to the Rayleigh-Schrödinger perturbation theory and to time-dependent problems showing that dual simmetry is broken in cases where the only meaningful quantities are the transition probabilities.
where ν is the viscosity, p the pressure and u the velocity field, is that, fixed the 0-th order solution through the Eulerian part as [2] ∂u 0 ∂t + (u 0 · ∇)u 0 = 0,
one obtains a perturbation series for a large Reynolds number Re while, taking at the leading order the equation
one obtains a perturbation series for small Re. So far, this was the only case in perturbation theory, as applied to physics, with an equation generating both a perturbation series and its dual counterpart.
Quite recently I showed that new solutions for the Schrödinger equation, in time-dependent problems, can be obtained when a strong perturbation is applied to a quantum system [3, 4] . This series is the dual, in the sense given above for fluid mechanics, of the well-known and largely applied small perturbation series.
The main aim of this paper will be to answer to the questions: Is it a general situation of perturbation theory the very existence of a dual series?
If so, is there a dual simmetry? We will not give general results, but rather strong indications that an answer to both the questions is affirmative.
In order to show that this is indeed the case, let us consider the simple model given by the following differential equation
where the dots mean derivation with respect to the time, λ is an ordering parameter. It is a well-known matter that, when λ → 0, a solution series of the form x ∼ x 0 + λx 1 + λ 2 x 2 + O(λ 3 ) can be obtained. However, as for the Navier-Stokes equations, we are free to choose at the leading order, as an unperturbed equation,ẍ 0 = λf 1 (x 0 ). To show that this choice gives a dual perturbation series I rescale the time variable in eq. (4) as t → √ λt = τ . One
where now the dots mean derivation with respect to τ . It is quite easy to verify that the series
is a solution of eq. (5) when
. . . I take the above as the dual method to small perturbation theory to obtain a dual perturbation series to a given one. It is important to note that the result above is true independently by the one's ability to solve the leading order equations.
We see that the arbitrariness in the choice of the leading order equation gives rise to a simmetry. In fact, putting λ = 1 into eq. (4), there is no more reason to see any difference between the perturbation and the unperturbed system in the same way as happens in fluid mechanics. This means that the series given by the small perturbation theory can be derived from the one given by the dual method and vice versa simply in-
That is the dual simmetry of the perturbation theory. A trivial but very clear example of it is given by the equationẍ + x = −ν 2 x. In the limit ν → 0 one gets the series x(t) = A sin(t + φ) + ν 2 A 2 t cos(t + φ) − ν 4 A 8 t 2 sin(t + φ) + t cos(t + φ) + O(ν 6 ). In the limit ν → ∞, using eqs. (7) one gets
. We see that the former can be transformed into the latter and vice versa if we take t ↔ νt and
Those series have secularities, that is, terms that increase without bound as powers of time. These latter difficulty can be generally removed by renormalization group methods [5] .
In quantum mechanics, for time-dependent problems, the only meaningful quantities are transition probabilities between states of the unperturbed system. This fact fixes definitely the initial conditions breaking the dual simmetry of the perturbation theory. To see this let us consider a two-state model as (σ 3 + λσ 1 )|ψ >= i d|ψ> dt , being σ 1 ,σ 3 the Pauli matrices and λ a strength parameter and apply to it the dual method as given in [3] . If the system is prepared as an eigenstate of the unperturbed hamiltonian σ 3 and λσ 1 is a very large perturbation, the theory of the strong perturbations gives at the leading order e −iλσ 1 t |φ >, being |φ > an eigenstate of σ 3 . When we interpret λσ 1 as the unperturbed hamiltonian we cannot claim that |φ > is its eigenstate before the perturbation was started so, the simmetry is broken. However, dual simmetry is restored at the level of the time-evolution unitary operator
given by e −iλσ 1 t at the leading order for both the perturbation methods. For general time-dependent problems has been recently showed that at the leading order the quantum adiabatic approximation applies for the dual method [4] . The physical meaning of that results is that different perturbation series describe different physical systems, unlike the case of fluid mechanics.
A class of most important problems arises from the Schrödinger equation that I consider in the one-dimensional form
being λ → ∞. One could apply immediately the simmetry between the dual and small perturbation theories discussed so far and use without difficulty the Rayleigh-Schrödinger approximation scheme. While that is a correct approach, I will show as the dual method works in that case. So, let us put
λ . This yields the following equations
. . .
. At the leading order we get a well-known equation, that is, a second order differential equation with a slowly varying coefficient due to the perturbation. In this case we can apply the WKB approximation [6] . Then, the dual method yields in this case a solution that is a combination of both Rayleigh-Schrödinger and semiclassical methods and the WKB quantization rule turns out to be a fairly good approximation for the energy levels at the leading order. Again, we note that WKB is the analog, for Sturm-Liouville problems, of the adiabatic approximation.
There are several problems where the above approximation can be applied.
A well-known example is given by the anharmonic oscillator that has a large body of literature [7] and is a model which any approximation scheme should face with. The Hamiltonian can be cast in the form
The method I discussed so far gives an unambigous answer to this problem, i.e. the leading order approximation, when the anharmonicity is very strong, can be obtained by solving the equation
The quartic oscillator is well-known in literature [8] . So, we can compare our method with numerical results. To leading order of the WKB approximation of the energy levels the agreement is within 18% with the true value of the ground state energy for the anharmonic oscillator. That agreement improves for higher excited states. However, we know from Symanzick scaling that the quartic oscillator is the right approximation for energy levels of the anharmonic oscillator when λ → ∞ [9] . Then, going to higher orders with the dual method can only improve the situation [10] .
In summary I gave strong indications of the usefulness of duality in perturbation theory. A dual method with respect to the theory of small perturbation is yielded and a dual simmetry between the two methods originates from the freedom in the choice of what a perturbation is. That dual simmetry is broken in time-dependent problems in quantum mechanics due to the way a system is initially prepared.
